Abstract. By using the Newton interpolation formula, we generalize the recent identities on the Catalan triangle obtained by Miana and Romero as well as those of Chen and Chu. We further study divisibility properties of sums of products of binomial coefficients and an odd power of a natural number. For example, we prove that for all positive integers n 1 , . . . , n m , n m+1 = n 1 , and any nonnegative integer r, the expression
Introduction
Shapiro [13] introduced the Catalan triangle (B n,k ) n k 0 , where B n,k := k n 2n n−k (1 k n) and proved that Recently, Gutiérrez et al. [9] , Miana and Romero [11] , and Chen and Chu [5] studied the binomial sums n k=1 k m 2n n−k 2 . On the other hand, Miana and Romero [11] have proved the following identity:
B n,k B n,n+k−i (n + 2k − i) 3 = 2n n 2n − 2 i − 1 (n 2 + 4n − 2ni + i 2 ), (1.2) and asked: Are there polynomials P m (n, i) and Q m (n, i) of integral coefficients such that Remark. When r = 0 Theorem 1.1 reduces to Theorem 3 in [5] . Writing (2k + r) which gives a positive answer to the question (1.3) by Theorem 1.1. By the way, according to [5, (13g) ] we have
So the answer to question (2) in [11] is negative.
Secondly, motivated by the divisibility results in [2, 4, 5, 7, 9, 11, 13, 16] , we shall prove the following theorems. Theorem 1.2. For all nonnegative integers n and r 1,
is always a half-integer. Theorem 1.3. For all positive integers n 1 , . . . , n m and any nonnegative integer r,
is either an integer or a half-integer.
For example, we have
Theorem 1.4. Let n be a prime power. Let r 0 and s 1 such that r ≡ s (mod 2). Then
Remark. It seems that Theorem 1.4 holds for any positive integer n. 
(2.1)
where α k (m, n, r) is given by (1.5) . Replacing x by x(x + r) in (2.2) and noticing that (n − i)
Using (2.3) to rewrite ℓ m (ℓ + r) m and applying the binomial relation
Noticing that
The theorem then follows by observing that
For the reader's convenience, we derive the first values of Θ 2m+1 (n, r) from Theorem 1.1.
Therefore, by (1.6) we have
Eq. (2.5) is an equivalent form of [11, Theorem 2.3], i.e., (1.2).
3 Proof of Theorem 1.2
Proof. As in (2.2) we can prove the following identity (see [5, (9) ]) by the Newton interpolation formula:
It follows from (3.1) and (1.1) that
where
We now show by induction on r that f n,k (r) is divisible by n min{2,r+1} 2n n . For r = 0, writing f n,k (0) as
we see, by the Chu-Vandermonde formula, that
Thus, for r = 0 we are done. For r 1, suppose that f n,k (r −1) is divisible by n min{2,r} 2n n for all n, k. Applying the relations
we have
By the induction hypothesis, n 2 f n,k (r −1) is divisible by n 2 2n n and 2n(2n
This proves that f n,k (r) is also divisible by n 2 2n n for r 1. Finally, it is also easy to check that
is an odd integer for r 1 by using (3.3) and induction on r. The details are left to the reader.
Here are some examples for small r:
Remark. Note that Shapiro, Woan and Getu [14] proved that
where m(r, s) denotes the number of permutations of {1, . . . , r} with s runs and s slides. Using the binomial theorem, it is easy to give a formula for n k=1 k r B n,k involving m(r, s) from (3.4). A natural question is whether we can deduce Theorem 1.2 from (3.4).
Proof of Theorem 1.3
We will need the Pfaff-Saalschütz identity (see [1, p. 69] or [3, p. 43, (A)]) : 
where a l+1 = a 1 . Then
Observe that for m 3, we have
and, by letting n 3 → ∞ in (4.1),
Plugging these into (4.2) we can write its right-hand side as
where l = s + k. Now, in the last sum making the substitution
we obtain the following recurrence relation
By induction on m and using Theorem 1.2, we complete the proof. By iteration of (4.3) for r = 0, 1, we obtain the following result. 
where n m+1 = λ 0 = n 1 and the sums are over all sequences λ = (λ 1 , . . . , λ m−2 ) of positive integers such that n 1 λ 1 · · · λ m−2 .
Note that the following identity was established in [7] :
where n m+1 = λ 0 = n 1 .
Proof of Theorem 1.4
We need the following theorem of Lucas (see, for example, [6] ) and [15] for a recent application. . Note that k 2n n−k = nB n,k is clearly divisible by n. Therefore,
Now suppose that n = p α is a prime power. It follows immediately from Lucas' theorem that
Namely, we always have 2n − 1 n ≡ 1 (mod n), and thereby
This completes the proof.
Remark. Besides prime powers, there are some other natural numbers satisfying (5.1). For example, if p and p 2 + p + 1 are both odd primes, then it is easy to see from Lucas' theorem that n = p(p 2 + p + 1) satisfies (5.1). In fact, the following are all the natural numbers n less than 500 not being prime powers but satisfying (5. Therefore, Theorem 1.4 is also true for these numbers.
Consequences of Theorem 1.3
Letting n 2i−1 = m and n 2i = n for 1 i r in Theorem 1.3 and noticing the symmetry of m and n, we obtain Corollary 6.1. For all positive integers m, n, r and any nonnegative integer a,
Letting n 3i−2 = l, n 3i−1 = m and n 3i = n for 1 i r in Theorem 1.3, we obtain Letting m = 2r + s, n 1 = n 3 = · · · = n 2r−1 = n + 1 and letting all the other n i be n in Theorem 1.3, we get Corollary 6.3. For all positive integers r, s, n and any nonnegative integer a,
Clearly Theorem 1.3 can be restated in the following form.
Theorem 6.4. For all positive integers n 1 , . . . , n m and any nonnegative integer r,
where n m+1 = 0, is an integer.
It is not hard to see that, for all positive integers m and n, the expression
is an integer by considering the power of a prime dividing a factorial. Letting n 1 = · · · = n r = m and n r+1 = · · · = n r+s = n in Theorem 6.4 and noticing the symmetry of m and n, we obtain Corollary 6.5. For all positive integers m, n, r, s and any nonnegative integer a,
In particular, we find that .
From Theorem 6.4 it is easy to see that
where n m+1 = 0, is a nonnegative integer for all r 1 , . . . , r m 1. For m = 3, letting (n 1 , n 2 , n 3 ) be (n, 3n, 2n), (2n, n, 3n), or (2n, n, 4n), and noticing the symmetry of n 1 and n 3 , we obtain the following two corollaries. 
Concluding remarks and open problems
It is easy to prove that
(see [14] ). Furthermore, similarly to (3.2), there holds
In particular, for r = 2, 3, 4, 5, we have
Let α(N) denote the number of 1's in the binary expansion of N. For example, α(255) = 8 and α(256) = 1.
is divisible by 2 2n−min{α(n), α(r)}−1 .
Note that it is clear from (7.1) that (7.2) is divisible by 4 n−r , assuming that n r. The statistic α(n) appears in Conjecture 7.1 because the divisibility of (7.2) also depends on n. 
Conjecture 7.4. Let n, r, s 1. Then
The following statement is a generalization of Corollary 6.6.
Conjecture 7.5. Let m, n, s, t 1, and r 0 such that r + s + t ≡ 1 (mod 2). Then
Furthermore, for some special cases, we have Conjecture 7.6. Let n, r, s 1 such that r ≡ s (mod 2). Then
Conjecture 7.7. Let n, r, s 1 such that r ≡ s (mod 2). Then
r > s, n = 2 a − 1 0, otherwise. mod 2n n 2 min{r,s} ,
The following two conjectures are refinements of Corollaries 6.7 and 6.8 for 2a + 1 = r + s + t. 
where the first product is over all positive integers i such that i | k and i ∤ n and the second product is over all positive integers d such that ⌊(n − k)/d⌋ + ⌊(n + k)/d⌋ < ⌊2n/d⌋ and d does not divide n. Now, the obvious identity
implies the following q-analogue of (1.1):
In view of the identity (7.3) and the results in [7] , it would be interesting to find a q-analogue of Theorems 1.2 and 1.3.
